This paper presents an approach, which combines the conventional finite volume method (FVM) with the lattice Boltzmann Method (LBM), to simulate compressible flows. Similar to the Godunov scheme, in the present approach, LBM is used to evaluate the flux at the interface for local Riemann problem when solving Euler/Navier-Stokes (N-S) equations by FVM. Two kinds of popular compressible Lattice Boltzmann models are applied in the new scheme, and some numerical experiments are performed to validate the proposed approach. From the sharper shock profile and higher computational efficiency, numerical results demonstrate that the proposed scheme is superior to the conventional Godunov scheme. It is expected that the proposed scheme has a potential to become an efficient flux solver in solving compressible Euler/N-S equations.
Introduction
The finite volume method (FVM), employed firstly by McDonald 1 for the simulation of inviscid flows, is the most popular numerical discretization scheme in the computational fluid dynamics. FVM needs to evaluate fluxes at the cell interface. Among various inviscid flux solvers, the Godunov scheme 2 is a pioneer work, which uses analytical solution of the local Riemann problem at the interface. On the other hand, we have to indicate that although the exact solution of Riemann problem exists, it is appeared in the nonlinear form. One has to apply an iterative procedure to get the solution at the interface for the application of Godunov scheme. The process will take a considerable time. To reduce the computational effort for the solution of Riemann problem, many researchers proposed approximate Riemann solvers. Among notable solvers, the solver proposed by Roe 3 is the most popular one and is widely used in practice.
Lattice Boltzmann method (LBM) 4 has been developed into a new tool for simulating fluid flows and modeling complicated physical phenomena in recent years. Unlike conventional Navier-Stokes solvers, it considers flows to be composed of a collection of ‡ Corresponding author, e-mail: mpeshuc@nus.edu.sg pseudo-particles that are represented by a set of density distribution functions. These fluid particles hold collision and propagation over a discrete lattice mesh. On the other hand, we may be able to use the explicit nature of LBM to find exact solution of Riemann problem so that the flux at the interface can be simply evaluated. This motivates the present work. The flux evaluation solver developed in this paper is similar to Godunov scheme. The present paper is arranged in the following order. In the second section, FV-LBM is described. A numerical example and analysis are shown in the third section. In last section, some concluding remarks are given.
Finite Volume-Lattice Boltzmann Method (FV-LBM) for Compressible Flows

Governing equations
In FVM, a domain is discretized into many small control volumes which are usually called cells. The variation of flow states in every cell is expressed as the sum of fluxes across all the interfaces of the cell and it can be expressed as:
where Q is the vector of conserved variables (density ρ, moment ρv and energy ρE), Ω is the volume of control cell, K is the number of interfaces of the control volume, where f i is the density distribution function, which depends on position r in the physical space, the particle discrete velocity e i and time t, f i eq is its corresponding equilibrium state, which depends on the local macroscopic variables ρ, p and u; τ is the single relaxation parameter related to the hydrodynamic viscosity, δ t is the time step and M is the number of discrete particle velocities. The macroscopic density, velocity and internal energy can be obtained by mass, momentum and energy conservation forms.
LBM-based flux solver
When FVM is applied to solve compressible N-S/Euler equations, the key issue is to evaluate the inviscid flux F i at the interface:
where Q l and Q r are flow states on the two sides of the interface. To evaluate the flux F by LBM, we apply LBM to the local Riemann problem, as shown in Fig. 1 . In this work, we only focus on the Euler equations. This means that the viscous effect is not considered. As we know, the collision term in LBM corresponds to the viscous term in N-S equations. Therefore, for inviscid flows, equation (2) can be reduced to
To apply equation (4) to the local Riemann problem, we set the initial distribution function f i (r, t) to be equilibrium distribution function f i eq (r, t), which can be computed by using macroscopic variables (ρ L , p L , u L ) and (ρ R , p R , u R ) with formulations given in [7] [8] . Then, we can get the distribution function at the interface, which further gives macroscopic variables ρ, p and u from conservation laws of mass, momentum and energy. Substituting ρ, p, u into the flux expression can directly give the flux at the interface. Obviously, this process is similar to the Godunov scheme. The difference is that ρ, p, u are given by LBM in this work. 
Numerical Results and Discussion
To validate the proposed method, the shock tube problem is chosen for simulation. The initial condition is set as, , , ) ( . , . , . ) , . , ( , , ) ( . , . , . ), .
The spatial mesh spacing is taken as ∆x = 1/100 and time step is chosen as ∆t = 0.001. Two LB models [7] [8] are all tested as flux solver in FVM respectively and the obtained 
Conclusions
This paper presents a LBM-based flux evaluation solver for the solution of Euler equations. In this method, LBM is used to solve the local Riemann problem across the interface directly. The proposed method is well validated by its application to solve a shock tube problem. Numerical results showed that shock wave, contact discontinuity and rarefaction wave are all well captured, and the present results are closer to the exact solution than those obtained by the conventional Godunov scheme. As the solution at the interface is explicitly given in the present method, it is easier to implement than the Godunov scheme, and takes less time to evaluate the flux.
